Abstract. We propose a new projector quantum Monte-Carlo method to investigate the ground state of ultracold fermionic atoms modeled by a lattice Hamiltonian with on-site interaction. The many-body state is reconstructed from Slater determinants that randomly evolve in imaginary-time according to a stochastic mean-field motion. The dynamics prohibits the crossing of the exact nodal surface and no sign problem occurs in the Monte- [1] with an atomic vapor, a considerable attention has been attracted by the physics of dilute ultracold fermions. The ability to tune many parameters, such as temperature, density or inter-particle interactions, makes atomic Fermi gases ideal candidates to understand a wealth of phenomena relevant for physical systems ranging from nuclear matter to high-temperature superconductors. Of particular interest is the strongly interacting regime in the transition from Bardeen-Cooper-Schrieffer (BCS) superfluidity of Cooper pairs to Bose-Einstein condensation (BEC) of atomic dimers. In the crossover regime, Fermi condensates have been observed on both the BCS and the BEC sides of a magnetically controlled Feshbach resonance [2] [3] [4] . The unitary regime, where the scattering length diverges, is particularly studied [5] [6] [7] to investigate the universal features of the fermionic quantum many-body problem. Using several standing laser beams, ultracold atoms can also be loaded in optical lattices where they experience all the strong many-body correlations described by the Hubbard model of solid-state physics [8, 9] . Optical lattice setups may allow for engineering quantum spin models [10] , fractional quantum Hall effect [11] , non-Abelian gauge potentials [12] or quantum information processing [13] . In this paper, we investigate a new Monte-Carlo scheme to study strongly correlated ground states of ultracold fermions interacting on a lattice. The projection onto the ground state is performed through a reformulation of the imaginary-time Schrödinger equation in terms of Slater determinants undergoing a Brownian motion driven by the Hartree-Fock Hamiltonian. Such exact stochastic extensions of the mean-field approaches have been recently proposed for boson systems [14, 15] . Up to now, the fermionic counterpart uses Slater determinants whose orbitals evolve under their own mean-field, supplemented with a stochastic one-particle-one-hole excitation [16, 17] . Unfortunately, the sampling generally suffers from negative weight trajectories that cause an exponential decay of the signal-tonoise ratio, which is known as the sign problem. The convergence issue of such a Monte-Carlo calculation plagued by negative "probabilities" belongs to the class of NP hard problems and a polynomial complexity solution can be probably ruled out [18] . Here, we extend the stochastic Hartree-Fock approach to remove negative weight paths in the Monte-Carlo calculation of any observable.
A would represent physically one-particle-one-hole and two-particle-two-holes excitations. After an infinitesimal time step dτ , during which ϕ evolves to
, the last term of the expansion (2) causes departures of the propagated state from a single Slater determinant. However, introducing random fields according to the Hubbard-Stratonovich transformation can linearize the dynamics [19] [20] [21] . The detailed derivation is reported in Appendix. Finally, the exact imaginary-time evolution is recovered through the stochastic average of Brownian trajectories in the subspace of Slater determinants states ϕ :
where ( )
is the average over a random functional; the evolution of S and the orbitals n ϕ is governed by the following equations in the Itô sense:
The s dW are infinitesimal increments of independent Wiener processes:
. We emphasize that the dynamics (5) exactly preserves the biorthogonality properties between the two Slater determinants ψ , ϕ : indeed, the left-eigenvalue equation 
where g E is the ground-state energy and where the phase of ψ can be chosen to have and no walker can cross the exact nodal surface if S is real. In contrast, the standard auxiliary-field projector quantum MonteCarlo method [22] , as well as our previous stochastic mean-field scheme [16, 17] , generally leads to Slater determinants ϕ whose overlap ϕ ψ exhibits a varying sign. As a consequence, a walker can reach the nodal surface and it then generates stochastic paths that do not contribute to the ground-state:
as long as
. Such trajectories only increase the statistical error and are responsible of the sign-problem. Thus, one is forced to perform the constrained-path approximation [23] where walkers are eliminated "by hand" when their overlap with a ground-state ansatz wave-function becomes negative.
Numerically, the stochastic differential equations (5) is avoided through standard population control techniques. In practice, we use the stochastic reconfiguration method [24] that deals with a fixed-number of walkers ϕ among which some are killed and others are cloned according to their relative weight in the population. Observables are estimated from the representation (3) of the manybody state. For instance, the ground-state energy E g is be obtained according to
where the amplitudes
are now all real positive. Moreover, when the Slater determinant ansatz ψ and the ground-state share a common symmetry, the stochastic paths are automatically projected onto this symmetry sector in the estimate (7) . Otherwise, the sampling can be improved by projection techniques [25, 26] . These conclusions also hold true for any observable commuting with the Hamiltonian. In other cases, one obtains an approximate ground-state expectation value, known as the mixed estimate [27] . It can be corrected by the following extrapolated estimate that is one order better in the difference
Note that these observable estimates are biased in standard projector quantum Monte-Carlo methods by the nodal constraints introduced to circumvent sign problems. The stochastic Hartree-Fock approach (3-5) removes this systematic error. The exact expectation value would require obtaining the ground-state density matrix by a double propagation in imaginary-time: 5). We emphasize that the method then becomes the equivalent, at fixed particle-number, of the recent Gaussian Monte-Carlo technique [25, 28] , which is more suited for thermodynamical studies in the grand-canonical ensemble. . In other cases, one experiences severe sign problems that practically prohibit studying large lattices, strongly interacting systems or open shells configurations [22] . In contrast, our new stochastic Hartree-Fock scheme (3-5) does not manifest explicit sign problems regardless of the lattice topology, band filling and sign of the interaction. Indeed, a quadratic form (1) can be recovered from the Hamiltonian (9) by using the local density or magnetization depending on the sign of the interaction parameter U : presented on the right panel of Fig. 1 , are in agreement to less than 0.5% with the constrained-path approach [23] . This is fully consistent with the error usually observed in constrained-path calculations of the ground-state energy on small clusters [23] . But, we emphasize that such small discrepancies can originate from the numerical error in the integration of the stochastic differential equations (5) and from the unavoidable bias that is introduced by the population control algorithm.
On contrary, the finite-time simulations with the free-atom trial wave-function In the half-filling limit, our calculations confirm the emergence of an antiferromagnetic phase [31] , as shown in Fig. 2 
are consistent with the diagonalization results on the 4 4 × lattice [33] : at the corner We finally address the unitary Fermi gas limit. In this ideal regime of strong interaction via a two-body potential of zero range and infinite scattering length, fermions are among the most intriguing physical systems since they are believed to exhibit universal many-body states. For instance, at zero temperature, the energy must be a universal fraction η of the Fermi energy that is the only relevant energy scale in the system. From experiments with trapped atomic gases [5] [6] [7] , the measured values for this ratio η vary from 10 13 32 . 0
. We model a spatially homogeneous Fermi gas by a lattice Hamiltonian with a two-body discrete delta potential whose coupling constant is adjusted to reproduce the physical scattering length a [34] are the matrix elements of the single-particle kinetic energy operator in the representation position; M is the atomic mass, l denotes the grid spacing and
is a numerical constant. In the unitary limit, a goes to infinity but the coupling constant on the lattice remains finite and negative, so that the gas clearly experiences attraction. Our sign-free simulation method with the model Hamiltonian (12), transformed as in Eq. (10), has been checked from the known solutions of the two-and three-body problem in an harmonic trap at the unitarity point [35, 36] : in all cases, the discrepancy does not exceed one percent. We acknowledge fruitful discussions with Y. Castin, R. Frésard and F. Gulminelli.
Appendix. Derivation of the sign-free stochastic Hartree-Fock equations.
Consider, at a given imaginary-time (omitted for simplicity), two N -particle Slater determinants ψ , ϕ with biorthogonal orbitals:. 
where Ω is a non-singular matrix and k J a
Taking into account the idempotency of R , i.e. R R = 
, there are N eigenvalues k λ equal to 1 that we will label with
and all the others are equal to zero. Finally, the definition of R and the constraints (A.1) immediately give:
It is thus possible to choose the orbitals of the two Slater determinants as the biorthogonal right and left eigenvectors of R associated to the unit eigenvalue:
In addition, the anticommutation rule { } 
This dynamics can be linearized with the Hubbard-Stratonovich transformation [19] [20] [21] allowing us to interpret each evolution under a quadratic form of one-body operators as the ensemble average
over one-body evolutions in fluctuating auxiliary fields: 
with the following variation of the Hartree-Fock orbitals:
Here, we have used the idempotency of R that implies ( ) 0
. Note that he evolution process (A.17) preserves the biorthogonality constraints (A.1). Therefore, the propagation scheme (A.16) can be iterated for an arbitrary number of imaginary-time steps τ d and one is naturally led to the stochastic mean-field approach (3-5). is the ratio between the mean-energy of at "time" τ and the ground-state energy of the non-interacting gas on the lattice. The trial state is a spin-singlet Slater determinant for the free gas. We show the average result over many runs of 100 paths. We use a 
